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Abstract 

For certain algebraic Hecke characters \ °f an imaginary quadratic field F we define 
an Eisenstein ideal in a p-adic Hecke algebra acting on cuspidal automorphic forms of 
GL2/F. By finding congruences between Eisenstein cohomology classes (in the sense of 
G. Harder) and cuspidal classes we prove a lower bound for the index of the Eisenstein 
ideal in the Hecke algebra in terms of the special L- value L(0,x)- We further prove that 
its index is bounded from above by the order of the Selmer group of the p-adic Galois 
character associated to x~ l ■ This uses the work of R. Taylor et al. on attaching Galois 
representations to cuspforms of GL2/-F. Together these results imply a lower bound for 
the size of the Selmer group in terms of L(0, x)> coinciding with the value given by the 
Bloch-Kato conjecture. 

Introduction 

The aim of this work is to demonstrate the use of Eisenstein cohomology, as developed by Harder, 
in constructing elements of Selmer groups for Hecke characters of an imaginary quadratic field F. 
The strategy of first finding congruences between Eisenstein series and cuspforms and then using 
the Galois representations attached to the cuspforms to prove lower bounds on the size of Selmer 
groups goes back to Ribet [Rib76j . and has been applied and generalized in }Wil90j in his proof of 
the Iwasawa main conjecture for characters over totally real fields, and more recently by [SU02J and 
[BC04] amongst others. These all used for the congruences integral structures coming from algebraic 
geometry. In our case the symmetric space associated to GL2/-F is not hermitian and we therefore 
use the integral structure arising from Betti cohomology. This alternative, more general approach 
was outlined for GL 2 /Q in [HP92j . 

In |Har87] G. Harder constructed Eisenstein cohomology as a complement to the cuspidal co- 
homology for the groups GL2 over number fields and proved that this decomposition respects the 
rational structure of group cohomology. The case interesting for congruences is when this decom- 
position is not integral, i.e., when there exists an Eisenstein class with integral restriction to the 
boundary that has a denominator. In [Ber06a] such classes were constructed for imaginary quadratic 
fields and their denominator was bounded from below by the special L-value of a Hecke character. 
In ^3] we give a general set-up in which cohomological congruences between Eisenstein and cuspidal 
classes can be proven (Proposition [9]) and then apply this to the classes constructed in [Bcr06a . 
The result can be expressed as a lower bound for the index of the Eisenstein ideal of the title in a 
Hecke algebra in terms of the special L-value. The main obstacle to obtaining a congruence from 
the results in |Ber06a] is the occurrence of torsion in higher degree cohomology, which is not very 
well understood (see the discussion in §3.4h . However, we manage to solve this "torsion problem" 
for unramified characters in ©1 
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The other main ingredient are the Galois representations associated to cohomological cuspidal 
automorphic forms, constructed by R. Taylor et al. by means of a lifting to the symplectic group in 
Tay94j. Assuming the existence of congruences between an Eisenstein series and cuspforms we use 
these representations in £}2] to construct elements in the Selmer group of a Galois character. In fact, 
we prove that its size is bounded from below by the index of the Eisenstein ideal. 

These two results are combined in $5] to prove a lower bound on the size of Selmer groups of 
Hecke characters of an imaginary quadratic field in terms of a special L-value, coinciding with the 
value given by the Bloch-Kato conjecture. 

To give a more precise account, let p > 3 be a prime unramified in the extension F/Q and 
let p be a prime of F dividing (p). Fix embeddings F F p C. Let 4>i,4>2 ■ F*\A* F — > C* 
be two Hecke characters of infinity type z and z -1 , respectively. Let 1Z be the ring of integers in 
a sufficiently large finite extension of Fp. Let T be the 7£-algebra generated by Hecke operators 
acting on cuspidal automorphic forms of GL2/-F. For <fi = (</>i,^2) we define in $2] an Eisenstein 
ideal in T. Following previous work of Wiles and Urban we construct elements in the Selmer 
group of x p e, where xp is the p-adic Galois characters associated to \ := <Pi/<i>2 and e is the p-adic 
cyclotomic character. We obtain a lower bound on the size of the Selmer group in terms of that 
of the congruence module T/Lj. A complication that arises in the application of Taylor's theorem 
is that we need to work with cuspforms with cyclotomic central character. This is achieved by a 
twisting argument (see Lemma [8]). 

To prove the lower bound on the congruence module in terms of the special L-value (the first 
step described above), we use the Eisenstein cohomology class Eis(^) constructed in [Ber06a| in 
the cohomology of a symmetric space S associated to GL2/-F. The class is an eigenvector for the 
Hecke operators at almost all places with eigenvalues corresponding to the generators of I^, and its 
restriction to the boundary of the Borel-Serre compactification of S is integral. The main result of 
|Ber06aj . which we recall in §5, is that the denominator 5 of Eis(</>) 6 i? 1 (5', Fp) is bounded from 
below by L alg (0,x)- As mentioned above, Proposition [9] gives a general setup for cohomological 
congruences. It implies the existence of a cuspidal cohomology class congruent to 5 ■ Eis(c/>) modulo 
the L-value supposing that there exists an integral cohomology class with the same restriction to the 
boundary as Eis(0). The latter can be replaced by the assumption that H^(S,TZ) toj:s i on = 0, and this 
result is given in Theorem I13l In 2]we prove that the original hypothesis is satisfied for unramified 
X, avoiding the issue of torsion freeness. We achieve this by a careful analysis of the restriction map 
to the boundary dS of the Borel-Serre compactification. Starting with a group cohomological result 
for SL2(0) due to Serre |Ser70j (which we extend to all maximal arithmetic subgroups of SL2(-F)) 
we define an involution on H 1 (dS, 1Z) such that the restriction map 

H\S,K) r -S H\dS,TZ)-, 

surjects onto the — 1-eigenspace. We apply the resulting criterion to res(Eis(</>)) to deduce the 
existence of a lift to H 1 (S,TZ). 

Note that the restriction to constant coefficient systems and therefore weight 2 automorphic 
forms is important only for £JH It was applied throughout to simplify the exposition. In particular, 
the results of Theorems [10] and [13] extend (for split p) to characters x with infinity type z m + 2 ~ m 
for m G N^o- See |Ber06a| for the necessary modifications and results. 

Combining the two steps we obtain in $5] a lower bound for the size of the Selmer group of xp e 
in terms of L alg (0, x) an d relate this result to the Bloch-Kato conjecture. This conjecture has been 
proven in our case (at least for class number 1) starting from the Main Conjecture of Iwasawa theory 
for imaginary quadratic fields (see [Han97j . [Guo 93j). Similar results have also been obtained by 
Hida in [Hid82] for split primes p and X = X c using congruences of classical elliptic modular forms 
between CM and non-CM forms. We seem to recover base changes of his congruences in this case 
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(see $nfl) . 

However, our method of constructing elements in Selmer groups using cohomological congruences 
is very different and should be more widely applicable. The analytic theory of Eisenstein cohomology 
has been developed for many groups, and rationality results are known, e.g. for GL n by the work 
of [FS98j . Our hope is that the method presented here generalizes to these higher rank groups. 

To conclude, we want to mention two related results. In [Fel00| congruences involving degree 2 
Eisenstein cohomology classes for imaginary quadratic fields were constructed but only the L- value 
of the quadratic character associated to F/Q was considered. The torsion problem we encounter 
does not occur for degree 2, but the treatment of the denominator of the Eisenstein classes is more 
difficult. For cases of the Bloch-Kato conjecture when the Selmer groups are infinite see |BC04j . Their 
method is similar to ours in that they use congruences between Eisenstein series and cuspforms, 
however, they work with p-adic families on U(3) and do not use Eisenstein cohomology. 

1. Notation and Definitions 

1.1 General notation 

Let -F/Q be an imaginary quadratic extension and dp its absolute discriminant. Denote the class- 
group by C1(.F) and the ray class group modulo a fractional ideal m by Cl m (F). For a place v of F 
let F v be the completion of F at v. We write O for the ring of integers of F, O v for the closure of 
O in F v , for the maximal ideal of O v , tt v for a uniformizer of F v , and O for \\ v finite O v . We use 
the notations A, Af and Ap,Apj for the adeles and finite adeles of Q and F, respectively, and 
write A* and A* F for the respective group of ideles. Let p be a prime of Z that does not ramify in 
F, and let p C O be a prime dividing (p). 

Denote by Gf the absolute Galois group of F. For £ a finite set of places of F let G-£ be the 
Galois group of the maximal extension of F unramified at all places not in S. We fix an embedding 
F c — > F v for each place v of F. Denote the corresponding decomposition and inertia groups by G v 
and I v , respectively. Let g v = G v /I v be the Galois group of the maximal unramified extension of 
F v . For each finite place v we also fix an embedding F v <— > C that is compatible with the fixed 
embeddings i v : F <— » F v and : F ^ C(= F^). For a topological Gp-module (resp. G^-module) 
M write H 1 (F,M) for the continuous Galois cohomology group H 1 (Gf,M), and H 1 (F V ,M) for 
H l {G v ,M). 

1.2 Hecke characters 

A Hecke character of F is a continuous group homomorphism A : F*\A* F — > C*. Such a character 
corresponds uniquely to a character on ideals prime to the conductor, which we also denote by A. 
Define the character A c by A c (x) = X(x). 

Lemma 1 (Lemma 3.1 of [Ber05 ). If A is an unramified Hecke character then A c = A. □ 

For Hecke characters A of type (Aq), i-e., with infinity type Aoo(z) = z m 'z n with m, n £ Z we 
define (following Weil) a p-adic Galois character 

A p : Gf — > F p 

associated to A by the following rule: For a finite place v not dividing p or the conductor of A, 
put A p (Frob„) = ^p(i^ 1 (A(7r^))) where Frob^ is the arithmetic Frobenius at v. It takes values in the 
integer ring of a finite extension of F p . 

Let e : Gf — > Z* be the p-adic cyclotomic character defined by the action of Gf on the p-power 
roots of unity: = £ e ( ff ) for £ with £ pm = 1 for some m. Our convention is that the Hodge- Tate 
weight of e at p is 1. 
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Write L(0, A) for the Hecke L-function of A. Let A a Hecke character of infinity type z a with 
conductor prime to p. Assume a, b G Z and a > and 6^0. Put 



2tt \ 



b 



L al g(0, A) := n~ a ~ 2b I ) r(a + b) ■ L(0, A). 

■ /dp/ 



In most cases, this normalization is integral, i.e., lies in the integer ring of a finite extension of -Fp. 

r th 

L int (0,A) 



See }Ber06a| Theorem 3 for the exact statement. Put 

fL al s(0, A) if val p (L al s(0, A)) ^ 
1 1 otherwise. 



1.3 Selmer groups 

Let p : Gf — ► Tt* be a continuous Galois character taking values in the ring of integers 1Z of a 
finite extension L of Fp. Write for its maximal ideal and put 1Z y = L/1Z. Let 1Z P , L p , and 
W p = L p /lZp = IZp (8>7j 7£ v be the free rank one modules on which Gf acts via p. 

Following Bloch and Kato et al. we define the following Selmer groups: Let 

HHF L)= i k ^( Hl ( F ^ L p)^ Hl (^ L p)) torv\p, 
f{ p> \b S c(H x (F v ,L p )^H 1 (F v ,B cciB ®L p )) for v \ p, 

where -B C ris denotes Fontaine's ring of p-adic periods. Put 

H}(F V ,W P ) = im(H}(F v ,Lp) - H 1 (F V , W p )). 

For a finite set of places E of F define 

H l (F v ,W p ) 



Sel s (F,p) = ker (h\F,W p ) - \\ |^ 



We write Sel(F,p) for Sel (F,p). 

If p splits in F I Q and p = A p for a Hecke character A of infinity type z a z b with a, b G Z 
("ordinary case") then we define 



L p if a < (i.e., HT-wt of p > 0), 
{0} if a ^ (i.e., HT-wt of p < 0) 



and 

F+L = J L ' if6< °' 
p P \{0} if 6 > 0. 

In the ordinary case we have H~j(F v , L p ) = H 1 (F v ,F^~L p ) for v \ p (see [Guo96| p. 361, [Fla90| 
Lemma 2). 

Lemma 2. Let p be unramified at v \ p. If p(Froh v ) ^ e(Frob lI ) mod p then 

Sel s (F,p) = Sel E \ M (F,p). 

Proof. By definition Sel s \ M (F, p) C Sel E (F,p) for any v. For places v as in the lemma we have 

H}(F V , Wp) = tei(H l (F v ,Wp) -> ff^Wp)*). 

It is clear that H 1 ^, W p ) 9v = Hom^ (^ ame , W p ) = Hom 9 „ (Zj; ame , W p [m£] ) for some n. By our 
assumption therefore H l (I v , W p ) 9v = since Frobt, acts on lj ame by e(Frob^). □ 
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1.4 Cuspidal automorphic representations 

We refer to [Urb95] §3.1 as a reference for the following: For Kf = FJ K v C G(Af) a compact open 
subgroup, denote by ^(if/) the space of cuspidal automorphic forms of GL2(i ? ) of weight 2, right- 
invariant under Kf. For u a finite order Hecke character write S2(Kf,u) for the forms with central 

character uj. This is isomorphic as a G(Aj)-module to ©7r^ for automorphic representations it 
of a certain infinity type (see Theorem [3] below) with central character u. For g E G(Af) we have 
the Hecke action of [KjgKf] on S^-K/) and S2(Kf,to). For places v with JQ, = GL2(0d) we define 

1.5 Cohomology of symmetric space 

Let G = Res^yqGL2 and B the restriction of scalars of the Borel subgroup of upper triangular 
matrices. For any Q-algebra R we consider a pair of characters 4> = (4>i, 02 ) of R* x R* as character 

of B(R) by defining ^) = <£i(a)0 2 (6). Put = C/(2) • C* C G(R). For an open compact 

subgroup Kf C G(Aj) we define the adelic symmetric space 

S Kf = G(Q)\G(A)/K 00 K f . 

Note that Sx f has several connected components. In fact, strong approximation implies that the 
fibers of the determinant map 

S Kf -» ir (K f ) := A* FJ /det(K f )F* 
are connected. Any 7 € G(Af) gives rise to an injection 

Goo — G(A) 

and, after taking quotients, to a component r 7 \G 00 /i ; C 00 — > Sjf,, where 

T 7 :=G(Q)n 7 A/7" 1 - 

This component is the fiber over det(7). Choosing a system of representatives for 7To(if/) we therefore 
have 

Sk { — f I r 7 \H 3 , 

[det( 7 )]g7r (^ / ) 

where Goo/K^ has been identified with three-dimensional hyperbolic space H3 = R>o x C. 

We denote the Borel-Serre compactification of Sjc t by Sk } and write dSfc f for its boundary. 
The Borel-Serre compactification Sx f is given by the union of the compactifications of its connected 
components. For any arithmetic subgroup T C G(Q), the boundary of the Borel-Serre compactifi- 
cation of T\H3, denoted by <9(r\H3), is homotopy equivalent to 

II r^\Hs, (i) 

[r?]£Pi(F)/r 

where we identify P 1 (F) = £(Q)\G(Q), take 77 G G(Q), and put T B v = V n 7?" 1 B(Q)r ? . 

For X C S Kf and R an O-algebra we denote by IP(X,R) (resp. H l c (X,R)) the i-th (Betti) 
cohomology group (resp. with compact support), and the interior cohomology, i.e., the image of 
H l c (X,R) in H\X,R), by Hf(X,R). 

There is a Hecke action of double cosets [KfgKf] for g € G(Aj) on these cohomology groups (see 

|Urb98j §1.4.4 for the definition). We put T Wv = [Kf rjj' Kf] and S nv = [Kf fa ® } Kf]. 
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The connection between cohomology and cuspidal automorphic forms is given by the Eichler- 
Shimura-Harder isomorphism (in this special case see [Urb98| Theorem 1.5.1): For any compact 
open subgroup Kf C G(Af) we have 

S 2 {K f )^ H}{S Kr C) (2) 

and the isomorphism is Hecke-equi variant. 

One knows (see for example, |Ber06a| Proposition 4) that for any C[^]-algebra R there is a 
natural ii-functorial isomorphism 

H\T\R^R)^H\T,R), (3) 
where the group cohomology H 1 ^, R) is just given by Hom(r,i?). 

1.6 Galois representations associated to cuspforms for imaginary quadratic fields 

Combining the work of Taylor, Harris, and Soudry with results of Friedberg-Hoffstein and Lau- 
mon/Weissauer, one can show the following (see [B HR| ): 

Theorem 3. Given a cuspidal automorphic representation tt of GL^A^r) with tt^ isomorphic to 
the principal series representation corresponding to 




and cyclotomic central character lo (i.e. oj c = to), let T, n denote the set of places above p, the primes 
where tt or tt c is ramified, and primes ramihed in F/Q. 
Then there exists a continuous Galois representation 

Pn '■ Gp — > GL 2 (F p ) 

such that if v ^ £„-, then p^ is unramified at v and the characteristic polynomial of p,r(Frob„) is 
x 2 — a 1 ,(7r)x+u;(^p„)Nmp'/Q(^p t ,), where a v (ir) is the Hecke eigenvalue corresponding to T v . The image 
of the Galois representation lies in GL2(£) for a hnite extension L of Fp and the representation is 
absolutely irreducible. □ 

Remark. i) Taylor relates tt to a low weight Siegel modular form via a theta lift and uses the Galois 
representation attached to this form (via pseudorepresentations and the Galois representations 
of cohomological Siegel modular forms) to find p v . 

ii) Taylor had some additional technical assumption in |Tay94| and only showed the equality of 
Hecke and Frobenius polynomial outside a set of places of zero density. For this strengthening 
of Taylor's result see |BHR| . 

iii) Conjecture 3.2 in [CD06] describes for cuspforms of general weight a conjectural extension of 
Taylor's theorem. 

Urban studied in [Urb98j the case of ordinary automorphic representations tt, and together with 
results in [Urb05] on the Galois representations attached to ordinary Siegel modular forms shows: 

Theorem 4 (Corollaire 2 of [Urb05]). If tt is unramified at p and ordinary at p, i.e., \ap(ir)\ p = 1, 
then the Galois representation p n is ordinary at p, i.e., 

I f* 1 *\ 
P*\°p ~ \ ' 

where ^ 2 \i f = 1, and ®i\ Ip = det(p 7r )|/ p = e. 

For p inert we will need a stronger statement: 
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Conjecture 5. If ir is unramified at p then p n \G p is crystalline. 

This conjecture extends Conjecture 3.2 in [CD06] and would follow if one could prove the corre- 
sponding statement for low weight Siegel modular forms. 

2. Selmer group and Eisenstein ideal 

In this section we define an Eisenstein ideal in a Hecke algebra acting on cuspidal automorphic 
forms of GL 2 /p and show that its index gives a lower bound on the size of the Selmer group of a 
Galois character. 

Let fa and fa be two Hecke characters with infinity type z and z~ l , respectively. Let 1Z be 
the ring of integers in the finite extension L of F p containing the values of the finite parts of fa 
and L alg (0, fa/fa). Denote its maximal ideal by m-^. Let be the finite set of places dividing 
the conductors of the characters fa and their complex conjugates and the places dividing pdp. Let 
Kf = Y\ v K v C G(Aj) be a compact open subgroup such that K v = GL2(Ot,) if v ^ S^. 

Because of the condition on the central character in Theorem [3] we assume that there exists a 
finite order Hecke character r\ unramified outside such that 

(fafov 2 y = fafov 2 - (4) 

Denote by T the 7£-algebra generated by the Hecke operators T v ,v ^ acting on S2 (Kf, fa fa). 
Call the ideal I^CT generated by 

{T v - ^i(^)Nm(^) - <h®S v )\v i 

the Eisenstein ideal associated to 4> = (fa, fa). 

Using the notation of ^1.2^ we define Galois characters 

Pi = 0i,f>e, 
92 = <f>2,p, 
P = Pi ® P2 1 - 

Notice that p depends only on the quotient fa/ fa. Let E p be the set of places dividing p and those 
where p is ramified. Our first main result is the following inequality: 

Theorem 6. 

val p (#Sel E ^ s "(F, / 9)) ^ val p (#(T/I^)). 

Proof. We can assume that 

T/I* + 0. 

Let m C T be a maximal ideal containing I^. Taking the completion with respect to m we write 

n 

S2(K f ,fafa) m = ($V* f f , 

i=l 

where V nf denotes the representation space of the (finite part) of a cuspidal automorphic represen- 
tation 7T. 

By twisting the cuspforms by the finite order character 77 of ([4]) we can ensure that their central 
character is cyclotomic. Hence we can apply Theorem [3] to associate Galois representations p n ^ v ■ 
Gs^ — ► Gh2(Li) to each 7Tj <g> rj, i = l...n for some finite extensions Li/Fp. Taking all of them 
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together (and untwisting by rj) we obtain a continuous, absolutely irreducible Galois representation 

n 

PT ■■= pKi®r, ® V' 1 ■ -► GL 2 (T m ® n L). 

i=l 

Here we use that T m L = Y]2=i w hich follows from the strong multiplicity one theorem. We 
have an embedding 

n 

i=l 

T„ i-> ((a^(7Ti)), 

where a v (7r,) is the T„-eigenvalue of Xj. The coefficients of the characteristic polynomial char(pr) 
lie in T m and by the Chebotarev density theorem 

char (px) = char(pi ® P2) mod I^. 

For any finite free T m ® L- module M. , any T m -submodule C C M. that is finite over T m and 
such that C (g) L = Ai is called a T m -lattice. Specializing to our situation Theorem 1.1 of [UrbOlj 
we get: 

Theorem 7 (Urban). Given a Galois representation pj- as above there exists a G^^-stable T m - 
lattice C C (T m (g) L) 2 such that Gy,^ acts on C/I^C via the short exact sequence 

-» K P1 ®ti (N/l^) -> -» ft P2 0^ (T m /I ) -» 0, 

where iV C T m L is a T m -ia£tice with val p (#T m /I^) ^ val p (#N/I^N) < 00 and no quotient of C 
is isomorphic to pi := pi mod m^. 

Proof. Note that the 7£-algebra map 7?. -» T m /I^ is surjective and that C/I^C = C ®n T m /I^. 
Hence this short exact sequence recovers the one in the statement of Theorem 1.1 of [UrbOlj . For 
the statement about val p (#N /I^N) see [UrbOl] p. 519 and use that any 7£-submodule of T m /I^ or 
N/I^N is a T m -submodule. 

Sec [Bcr05J §7.3.2 for an alternative construction of such a lattice using arguments of Wiles 
( [Wil86j and [Wil90| ). □ 

Using the properties of the Galois representations attached to cuspforms listed in §1.61 we can 
now conclude the proof of Theorem [6] by similar arguments as in [SkiO~4] and [UrbOlj . To ease 
notation we put T := N/I<h and E := E^. 

Identifying TZ p with r\omn(JZ P2 ,TZ pi ) and writing s : 1Z P2 (g> T m /I^ — ► £ ®T m /I^ for the section 
as T m /I^-modules we define a 1-cocycle c : Gs — > 7£p T by 

c(g)(m) = the image of s(m) — g.s(g~ 1 .m) in 7Z pi (8> T . 

Consider the 7£-homomorphism 

if : Rom n (T,TZ v ) -> iJ 1 ^, W p ), = the class of (1 ® /) o c. 

We will show that 

(i) imMcSel s ^(F,p), 

(ii) ker(v9) = 0. 

From (i) it follows that 

val p (#Sel s \ s "(F,p)) ^ val p (#im(^)). 
8 
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Prom (ii) it follows that 

val p (#im(^)) ^ val p (#Hom^(T,7£ v )) 
= val p (#T) 
^ val p (#T m /M- 

For (i) we have to show that the conditions of the Selmer group at v \ p are satisfied: For split 
p it suffices to prove that the extension in Theorem [7] is split when considered as an extension of 
T m [G p ]-modules, because then the class in i7 1 (G p ,7?.p £3 T) determined by c is the zero class. In 
this case the Hecke eigenvalues a p (7Tj) = p ■ (f>i(p) + 02 (p) ^ mod tor, hence the cuspforms 7Tj (g> ?y 
are ordinary at p, so Theorem [4] applies and p F is ordinary. Observing that the Hodge- Tate weights 
at p of pi and p2 are and 1, respectively, the splitting of the extension as T m [G p ]-modules follows 
from comparing the basis given by Theorem [7] with the one coming from ordinarity. 

For inert p we observe that by Conjecture [5] the p ni are all crystalline, which implies that the 
class determined by c is crystalline. 

To prove (ii) we first observe that for any / G Hom^T, TZ V ), ker(/) has finite index in T since 
T is a finite 7£-module and so / G Hom^(T, TZ v [m^]) for some n. Suppose now that / G ker(^). 
We claim that the class of c in H 1 {Gy,,TI p <8>tc T/ker(/)) is zero. To see this, let X = 7£ v /im(/) 
and observe that there is an exact sequence 

Since / G ker(</?) and the second arrow in the sequence comes from the inclusion T/ker((/j) 1Z V 
induced by /, the image in the right module of the class of c in the middle is zero. Our claim 
follows therefore if the module on the left is trivial. But the dual of this module is a subquotient 
of Hom-ji(lZp, 1Z) on which Gs acts trivially. By assumption, however, 1Z P is a rank one module on 
which Gs acts non-trivially. 

Suppose in addition that / is non-trivial, i.e., ker(/) C T . Note that any 7£-submodule of T is 
actually a T m -submodule since 1Z T m /I^. Hence there exists a T m -module A with ker(/) C A C 
T such that T/A = TZ/m-ji. From our claim it follows that the T m [Gs] -extension 

-» K P1 ®n n/m n = K P1 ® n T/A -» C/(K P1 ® n A) -» C/d -» 

is split. But this would give a T m [Gs]-quotient of C isomorphic to pn which contradicts one of the 
properties of the lattice constructed by Urban. Hence ker(<£>) is trivial. □ 

The following Lemma will later provide us with the finite order character 7] of used in the 
twisting above. 

Lemma 8. If x = (frl/fa satisfies x c = X then there exists a finite order character rj unramified 
outside such that (</>i</>2f? 2 ) c = 4>i4>2ff ■ 

Proof. We claim that there exists a Hecke character p unramified outside such that 

x = mf- 

Given such a character p we then define rj = (pfo)^ 1 - 

In the Lemma on p. 81 of [Gre83j Greenberg defines a Hecke character pq : F*\Ap — > C* of 
infinity type z~ l such that p c G = ~p~Q and pc is ramified exactly at the primes ramified in f/Q. It 
therefore suffices to prove the claim for the finite order character 

X' ■= XVg = XHG&b)- 

By assumption we have that 

X ' = 1 on Nm F/Q (A* F ) C Aq C A* f . 
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Thus x' restricted to Q*\Aq is either the quadratic character of F/Q or trivial. Since our finite 
order character has trivial infinite component, x' nas to be trivial on Q*\Aq. Hilbert's Theorem 
90 then implies that there exists li such that x' = aV/^- 

To control the ramification we analyze this last step closer: x' factors through At — > A, where 
A is the subset of of elements of the form x/x c and the map is x i— ► x/x c . If y G A n F* then 
y has trivial norm and so by Hilbert's Theorem 90, y = x/x c for some x G F*. Thus the induced 
character A — > C* vanishes on An F*. This implies that there is a continuous finite order character 
li : F*\A* F — ► C* which restricts to this character on A and x' = AV 1 1^° (this argument is taken from 
the proof of Lemma 1 in | Tay94 1 ) . 

By the following argument we can further conclude that the induced character vanishes on 
A n n^^s^, ®v an d therefore find li on F*\A* F / C* Hi^s^ ®v restricting to the character A — > C*: 
Writing U p,t = T\ v \£ @v f° r a prime I in Q we have 

il 1 (Gal(-F/Q), [] 0* v )9± H ^(GaKF/Q),^), 

where 11 & £ E^" denotes those I G Z such that t> | £ w ^ E^. For the isomorphism we use that 

v G E^ =>t?£ E^. 

In fact, all these groups are trivial since all I £ E^ are unramified in F/Q and so 

H\G&\{F/Q),U F/ ) = H\G v ,0* v ) = 1. 

If y G An[]^ s O* then y has trivial norm in EJ^s ®v- But as shown, its first Galois cohomology 
group is trivial so there exists x G Il^E^ 0*C\A F such that y = x/x c . Since x' is unramified outside 
Tiff) the image of y under the induced character therefore equals x'( x ) = 1> as claimed above. □ 

3. Cohomological congruences 

In [Ber06a| we constructed a class Eis(c/>) in the cohomology of a symmetric space associated to 
GL 2 /i? with integral non-zero restriction to the boundary of the Borel-Serre compactification that 
is an eigenvector for the Hecke operators at almost all places. By a result of Harder one knows that 
Eis(0) is rational. The main result of [Bcr06a] is a lower bound on its denominator (defined in ([5]) 
below) in terms of the L-value of a Hecke character. In this section we show that if there exists 
an integral cohomology class with the same restriction to the boundary as Eis(^) then there exists 
a congruence modulo the L-value between Eis(</>), multiplied by its denominator, and a cuspidal 
cohomology class. This implies that the L-value bounds the index of the Eisenstein ideal from 
below. 

3.1 The Eisenstein cohomology set-up 

Assume from now on in addition that p > 3. Recall the notation and definitions introduced in 
Section [1.51 Let 1Z denote the ring of integers in the finite extension L of Fp obtained by adjoining 
the values of the finite part of both 0, and L alg (0, (fri/fo)- We write 

H 1 (X,1Z) := H l (X,TZ) hce = im^pC^) - H\X,L)) 
for X = Sk s or dSic f . For c G H 1 {Sx f , L) define the denominator (ideal) by 

5(c):={aeK:a-ceH 1 (S Kf ,K)}. (5) 

Recall the long exact sequence 

. . . - Hl(S Kf ,R) - H l (S Kr R) ™ H 1 (dS Kr R) - H*(S Kf ,R) - . . . 
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for any 7£-algebra R. 

The set-up. Suppose we are given a pair of Hecke characters <p = (<pi,cp2) an d a class Eis(^) G 
H (Sk*, L) satisfying the following properties: 

(El) The image of Eis(</>) under res lies in H 1 (dSxt , TV) ■ 

(E2) For all places v outside the conductors of the 4>i the class Eis(0) is an eigenvector for the 
Hecke operator T 7Tv = [Kf Kf] with eigenvalue 

(E3) The central character of Eis(<^>) is given by <j>i(f>2, i-e., the Hecke operators 

act on it by multiplication by {<pi4>2)(^v)- 
(E4) The denominator of Eis(</>) is bounded below by L alg (0, (/>i/<j>2), i-e., 

£(Eis(^)C(L alg (O,<Ai/0 2 ))- 

Suppose we are also given: 

(HI) There exists G H l (SK f ,TV) with 

res(c^) = res(Eis(</>)) G ^(dSK^TV). 

(H2) There exists an idempotent acting on i? 1 (5^ / ,C) such that S 1Tv e u = (4>i4>2){^v)euj for u 
not dividing the conductors of the 0$. 

The following provides a bound on the congruence module introduced in the previous section: 
Proposition 9. Given the above setup there is an IZ-algebra surjection 

T/I^ft/(L int (O,0i/0 2 )). 

Proof. Put H}{Skj,TV) = H}(Sk } ,L) n H 1 {Skj, TV) and u = (frifo- Under the Eichler-Shimura- 
Harder isomorphism (see ([2])) we have 

e LU Hl(S Kf ,C)^S2(K f ,u;). 

Hence the Hecke algebra T from Section [2] is isomorphic to the 7£-subalgebra of 

F 1 ndn{e u H}{S Kr lZ)) 

generated by the Hecke operators T nv for all primes v ^ EL and we will identify the two. 
Note that for G H l {SK r ,TV) given by (HI) we have 

res(e w c^) = e^res^) = e w res(Eis (</>)) = res(Eis(0)) 

since SV>(Eis(<^)) = a;(7r u )Eis(<^)) by (E3). 

Without loss of generality, we can assume that <5(Eis(0)) ^ TZ; there is nothing to prove oth- 
erwise by (E4). Let 5 be a generator of <5(Eis(</>)). Then S ■ Eis(</>) is an element of an 7£-basis of 
e^H 1 (S k t ,7V) . By construction, Co := 5 • (e^c^ — Eis(0)) G e u Hl(SK f , L) is a nontrivial element of 
an 7£-basis of e w H} {S k f ,TV) . Extend cq to an 7£-basis cq,c\, .. . Cd of e w H}{SK s ,7V). For each t G T 
write 

*( c o) = y,Qj(*)ct) S 
i=0 
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Then 

T 11/(5), 1 1 ► oo(t) mod 5 (6) 
is an 7£-module surjection. We claim that it is independent of the 7?.-basis chosen and that it is a 
homomorphism of 7£-algebras with the Eisenstein ideal 1$ contained in its kernel. To prove this it 
suffices to check that each ao(T nv — faityv) — Nm^)^^)), v £ is contained in 51Z. This is 
an easy calculation using (E2). Since TZ/(5) -» 1Z/(L mt (0, x)) by (E4), this concludes the proof. □ 

In the following sections, we will indicate how to produce the elements in the set-up of the Propo- 
sition. Under certain conditions on the character fa, to be reviewed in Section \'6.2\ we constructed 
in [Ber06a| a class Eis(0) satisfying (E1)-(E4) using Harder's Eisenstein cohomology. Assumption 
(H2) is of a technical nature and will be discussed in Section 13.31 We are interested in controlling 
the central character via (H2) because of the restriction in Theorem [3j The most difficult ingredient 
to procure is (HI), see Sections 13.41 and l4l 

Remark. i) As already remarked in the introduction, the constant cohomology coefficients above 
can be replaced by coefficient systems arising from finite dimensional representations of GL 2 /^. 
See |Ber06aj §2.4 and 3.1 for the necessary modifications. 

ii) Note also that except for the explicit Hecke operators we did not use any information specific 
to GL 2 /f, i.e., Sx f could be replaced by a symmetric space associated to a different group G 
and 4> by a tuple of automorphic forms on the Levi part of a parabolic subgroup of G. Since the 
analytic theory of Eisenstein cohomology has been developed for a wide variety of groups, and 
rationality results are known, e.g. for GL n by the work of [FS98j . we hope that our techniques 
generalize to these groups. 

3.2 Construction of Eisenstein class 

Following Harder we constructed in |Ber06aj Eisenstein cohomology classes in the Betti cohomology 
group H 1 (Skj, C). Given a pair of Hecke characters <j> = (fa, fa) with </>i j00 (z) = z and ^2,00(2) = 
z^ 1 these depend on a choice of a function ty^ in the induced representation 

V £'c = : G ( A /) - C Ws) = M b M9)W G B(A f ),V(gk) = ^>(g)Vk G K f }. 

In the notation of [Ber06a| we take Kf = Kf and ^>,p f = We recall the definition of the compact 
open Kf. Denote by S the finite set of places where both fa are ramified, but fa/ fa is unramified. 
Write Wli for the conductor of fa . For an ideal 91 in O and a finite place v of F put s Xl v = ^flO v . We 
define 

*'<*)-{(* 

/^>={(: 

and 

U 1 ^) = {k G GL 2 (0„) : det(Jb) = 1 mod %,}. 

Now put 

K f ■.= J] u\mi, v ) J] K\(m x m)v). 

The exact definition of VE^. will not be required in the following; we refer the interested reader to 
|Ber06aj Section 3.2. Let Eis(^>) be the cohomology class denoted by [Eis(^ / ^ i ^ )] in [Ber06a| . 

The rationality of Eis(0), i.e., the fact that Eis(</>) G H (Sr., L) was proven by Harder, see 
[Bcr06a| Proposition 13. Properties (E2) and (E3) are satisfied by construction, see [Bcr06aJ Lemma 



eGL 2 (O),a-l,c = modStj, 
G GL 2 (0„),a- l,c = modOtiA, 
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9. The integrality of the constant term (El) is analyzed in [Ber06al Proposition 16. The main result 
of |Ber06a] is the bound on the denominator (E4). The latter two require certain conditions on the 
characters <pi and 4>2- However, since in the combination of Theorem [6] and Proposition [9] the main 
object of interest is the character x = 0i/</>2j we will from now on focus on x an d view <f>\ and <f>2 
as auxiliary. 

Theorem 10 ([Ber06a] Proposition 16, Theorem 29). Let x be a Hecke character x of infinity type 
z 2 with conductor 9Jt coprime to (p) . Assume in addition that either 

(i) p splits in F, x has split conductor, and ^[q'*) £ TZ 
or 

(ii) x° = Xi n ° ramified primes divide 5DT and no inert primes congruent to — 1 mod p divide 9Jt 
with multiplicity one, and 

where ujp/Q is the quadratic Hecke character associated to the extension F/Q and r(x) the Gauss 
sum of the unitary character x '■= x/\x\- 

Then there exists a factorization x = <t>i/<t>2 such that Eis(^) satishes (E1)-(E4). □ 

Remark. i) Proposition 16 of [Ber06a| shows that ^(q'*| G L. 

ii) By considering non-constant coefficient systems |Bcr06aJ, in fact, proves this for characters x 
of infinity type z m+2 ~z~ m for m £ N^q, if P splits in F/Q. 

3.3 Existence of idempotent (H2) 

Lemma 11. Let Kf be the compact open defined in Section \3.2\ If p j ^CbjrtaR! (F) then (H2) is 
satisfied. 

Proof. By [Urb 98] §1.2 and §1.4.5 the action of the diamond operators S^jV \ cond(0j) on ff 1 (S , ft- / , C) 
is determined by the class in CIoto^ (F) of the ideal determined by ir v and induces an 7£-linear action 
of ClgjEBti (F) on H l {SK f , C). Here we use that 

K f D K(mm) := \( a h }\ € GL 2 (0) :( a ^ = (\ mod 9Jt97ti 



c dl \cdl \0 1 

By assumption the ray class group has order prime to p, so T^Clgjia^ (F)] is semisimple. For u> := 
4>i4>2, which can be viewed as a character of C\^3ji 1 (F) , let e w be the idempotent associated to uj, 
so that S v e u = a;(7r„)e w . □ 

Remark. By enlarging Kf the condition p \ #(0/9Jt9Jti)* can be weakened to the order of 
being coprime to p, see |Ber05| §6.1. 

3.4 Torsion problem (HI) 

Hypothesis (HI) is related to the question of the occurrence of torsion classes in H 2 (SK f ,7Z)- This 
problem does not arise for GL 2 /q because no such classes exist with the Hecke eigenvalues under 
consideration (see |Ski02| Lemma 6.1, |HP92] ). By Lefschetz duality (see [Gre67j (28.18) or |Mau80j 
Theorem 5.4.13) 

so this question reduces to the problem of torsion in r ab for arithmetic subgroups T C G(Q). 
This has been studied in [EGM82j . |SV83j . and |GS93j (see also |EGM98j §7.5). An arithmetic 
interpretation or explanation for the torsion has not been found yet in general (but see [EGM82] 



13 



Tobias Berger 



for examples in the case of Q(y— !))■ Based on computer calculations [GS93J (2) suggests that for 
r C PSL^O) apart from 2 and 3 only primes less than or equal to ^[PSL^O) : T] occur in the 
torsion of T ab . Even restricting to the ordinary part there can be torsion, see |Tay| §4. In all cases 
calculated so far, PSL2(0) ab has only 2 or 3-torsion (see also [Swa71] . [Bcr06b]) but this is not 



known in general, hence our different approach in the following section, where we will prove: 

Proposition 12. Let x = 4>i/ ^2 be an unramified Hecke character of infinity type z 2 . Assume that 
1 is the only unit in O* congruent to 1 modulo the conductor of If (El ) holds for Kf and Eis(0) 
as defined in Section 13,2} then (HI ) is satisfied. 

3.5 Congruence results 

We will summarize in this section the conditions under which we can procure the ingredients for 
Proposition [9] and hence prove the existence of cohomological congruences. 



Theorem 13. Assume p splits in -F/Q. Let x be a Hecke character x of infinity type z 2 with split 

P {#(0/9K)*-#C1(F). 



conductor Wl coprime to (p). Assume tjkQ £ Tl and 



Let q > be any rational prime coprime to (p)9Jt and split in F such that p \ q — 1 and q a 

prime of F dividing (q). If H 2 (S Rf ,Z p ) toJ . sion = 0, where 

K f = {k€ K 1 ^) : det(fc) = 1 mod q}, 

then there exists a pair of characters <fi = (4>i-> ^2) with x = </>i/</>2 such that there is an IZ-algebra 
surjection 

T/I^K/ (L int (0, X )). 

Remark. As noted before, this result is true, in fact, for characters x °f infinity type z m+2 z~ m for 
m £ N^ - 

Proof. Let 4>\ be a Hecke character with conductor q of infinity type z (for existence see, e.g. Lemma 
24 of [Ber06aj ). This is the character used in the proof of |Ber06a] Theorem 29 and Kf = Kf for 
this pair (0i, 4>i/x)? so the theorem follows from Proposition [U Theorem 1101 and Lemma [TT1 □ 

A similar result can be deduced for characters x satisfying x = X° by taking as (pi the character 
used in the proof of [Bcr06aJ Theorem 29. Its construction is more involved and we refer the reader 
to the account in |Ber06a] §5.2 and 5.3. The conductor 9Jti of </>i in this case is given by rD for T> 
the different of F and r € Z any integer coprime to (p)9Jt, but such that no inert prime congruent 
to —1 modulo p divides r with multiplicity one. 

To be able to apply Lemma [2] in Section [5] and to satisfy the assumption in Proposition 1121 we 
want to impose the following extra condition on the conductor 2%: 

((f)) 1 is the only unit in O* congruent to 1 modulo SJti, and 

v I Tli =>■ v = v and #£>„/<P„ ^ ±1 mod p, 

We therefore assume in addition that p \ #Cl(F) and that t ^ ±1 mod p for t \ dp. Also we 
choose r appropriately such that p\ (O/r)* and that (<ft) holds. 

We leave the counterpart of Theorem [13] for characters x satisfying x = X c t° the interested 
reader and instead give the following result, which does not require torsion freeness. By Lemma [T] 
unramified characters x satisfy x c = X> so we deduce from Proposition [9] together with Lemma [TTT 
Theorem 1101 and Proposition 1121 
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Theorem 14. Assume in addition that p \ #C1(F) and that I ^ ±1 mod p for £ \ cIf- Let \ be an 
unramihed Hecke character of infinity type z 2 . Then there exists a pair of characters 4> = (<p\,(f>2) 
satisfying ((f)) with x = 4>i /4>2 such that there is an TZ-algebra surjection 

T/I^K/ (L int (0, X )). 

□ 

3.6 Discussion of results 

These are the first such cohomological congruences between Eisenstein series and cuspforms for GL2 
over an imaginary quadratic field, except for the results for degree 2 Eisenstein classes associated to 
unramified characters in [FelOOj . There are two options: either these congruences first arise for GL 2 /j? 
or they show that congruences over Q can be lifted, in accordance with Langlands functoriality. The 
congruences constructed in [Fel00| turn out to be base changes of congruences over Q (see |FelOO] 
Satz 3.3). 

Recall from [GL79] Theorem 2 and |Cre92] p. 413 that a cuspform over F is a base change if 
and only if its Hecke eigenvalues at complex conjugate places coincide. Observe that if x X° then 
the Hecke eigenvalues of our Eisenstein cohomology class Eis(</>) (and all twists by a character) are 
distinct at complex conjugate places (see (E2) for the definition of the eigenvalues). Therefore in 
this case our congruences are new, i.e., are not base changed. 

If X = X c then the proof of Lemma [8] implies that there exists a twist of the Eisenstein class such 
that its eigenvalues at conjugate places coincide. However, we cannot determine if the congruences 
are base changed, as for cohomology in degree 1 the arguments of [HLR86] do not apply. We plan 
to investigate this question further. 

4. The case of unramified characters 

In this section we will prove Proposition 1 12\ i.e., show the existence of an integral lift of the constant 
term of the Eisenstein cohomology class Eis((/>), as defined in §3.21 Our strategy is to find an invo- 
lution on the boundary cohomology such that the restriction map surjects onto the — 1-eigenspace 
of this involution, i.e., such that (for each connected component of Sk { ) 

H\T\^,1Z) ™ H x {d(T\Kz),H)- C H\d{T\Tlz),K), 

where the superscript '-' indicates the —1-eigenspace. We prove the existence of such an involution 
for all maximal arithmetic subgroups of SL^-F), extending a result of Serre for SL,2(0). Proposition 
[12] is then proven by showing that res(Eis(^)) lies in this —1-eigenspace. 

4.1 Involutions and the image of the restriction map 

Let r C G(Q) be an arithmetic subgroup. Given an involution 1 on X = T\H3 or <9(r\H3) we 
define an involution on H 1 (X, R) via the pullback of 1 on the level of singular cocycles. Assuming 
that we have an orientation-reversing involution on T\H3 such that 

^(TxHa.ft) =S H\d(T\Ha),1l)- C H\d(T\H a ),K) 

we show that the map is, in fact, surjective. The existence of such an involution will be shown for 
maximal arithmetic subgroups in the following sections. We first recall: 

Theorem 15 (Poincare and Lefschetz duality). Let R he a Dedekind domain in which 2 and 3 
are invertible. Let 1 be an orientation-reversing involution on T\H3. Denoting by a superscript + 
(resp. —) the +l-(resp. eigenspaces for the induced involutions on cohomology groups, we have 
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perfect pairings 

H^r^H^R)* x H 3 - r (T\H 3 ,R) T ^R for < r < 3 

and 

F r (5(r\H 3 ),i?) ± x H 2 - r (d(T\H 3 ),R) T -» f? for < r < 2. 
Furthermore, the maps in the exact sequence 

H\T\n 3 ,R) ^ H^dp^lR) ^ H 2 C (T\H 3 ,R) 

are adjoint, i.e., 

(res(x),y) = (x,d(y)). 

References. Serre states this in the proof of Lemma 11 in [Ser70j for field coefficients, AS86 Lemma 
1.4.3 proves the perfectness for fields R and [Urb95] Theorem 1.6 for Dedekind domains as above. 
Other references for this Lefschetz or "relative" Poincare duality for oriented manifolds with bound- 
ary are |May99| Chapter 21, §4 and [Gre67] (28.18). The pairings are given by the cup product and 
evaluation on the respective fundamental classes. We use that H3 is an oriented manifold with 
boundary and that T acts on it properly discontinuously and without reversing orientation. The 
lemma in [FelOOj §1.1 shows that the order of any finite subgroup of G(Q) is divisible only by 2 or 
3. See also [Ber05] Theorem 5.1 and Lemma 5.2. □ 

Lemma 16. Suppose in addition to the conditions of the previous theorem that R is a complete 
discrete valuation ring with finite residue field of characteristic p > 2. Suppose that we have an 
involution 1 as in the Theorem such that 

^ 1 (r\H 3 , r) H\d(T\n 3 ),Ry, 

where e = +1 or —1. Then, in fact, the restriction map is surjective. 

Proof. Let m denote the maximal ideal of R. Since the cohomology modules are finitely generated 
(so the Mittag-Leffler condition is satisfied for lim-g 1 (-, R/m r )), it suffices to prove the surjectivity 
for each r £ N of 

H l (T\U 3 ,R/m r ) - H\d(r\H 3 ),R/m r ) e . 

For these coefficient systems we are dealing with finite groups and can count the number of elements 
in the image and the eigenspace of the involution; they turn out to be the same. We observe that 
i? 1 (d(r\H 3 ),.R/m r ) = J H" 1 (5(r\H3), J R/m r ) + eF 1 (5(r\H 3 ),ii/m r )" and that, by the last lemma, 

#H 1 (d(T\H 3 ),R/m r ) + = #H\d(T\H 3 ),R/m r )-- 

Similarly we deduce from the adjointness of res and d and the perfectness of the pairings that 
im(res)" 1 " = im(res) and so 

#im(res) = ~#H l {d{T\K. 3 ) , R/m r ). 

□ 

4.2 Involutions for maximal arithmetic subgroups of SL2(i ? ) 

For 77 G G(Q) let be the parabolic subgroup defined by B T '(Q) = n- l B(q,)n. Let T C G(Q) 
be an arithmetic subgroup. The set {B 11 : [rj] G B(Q)\G(Q)/T} is a set of representatives for the 
T-conjugacy classes of Borel subgroups. Let f/* 7 be the unipotent radical of B v . For D £ P 1 (F) let 
Frj = T n Ud, where Ud is the unipotent subgroup of SL2(-F) fixing D. Note that if D v £ P 1 (.F) 
corresponds to [rf\ £ B(Q)\G(Q) under the isomorphism of B(Q)\G(Q) = P 1 (i ? ) given by right 
action on [0 : 1] e P 1 ^) then we have that U D = ^(Q) and Y D = T n ^(Q) =: T Uv . 
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Let U(T) be the direct sum ©p] e pi(ir)/r ^d- Up to canonical isomorphism this is independent 
of the choice of representatives [D] E P 1 (F)/F. The inclusions ^ T define a homomorphism 

a : U(T) -» T ab . 

For r = SL2(C) [Ser70] shows that there is a well-defined action of complex conjugation on 
U(SL 2 (0)) induced by the complex conjugation action on the matrix entries of Goo = GL2(C). 
Denoting by U + the set of elements of U(SL 2 (0)) invariant under the involution and by U' the set 
of elements u + u for u € C/(SL 2 (0)), Serre proves: 

Theorem 17 (Serre [Ser70| Theoreme 9). For imaginary quadratic fields F other than Q(\/— 1) or 
Q(v / — 3) the kernel of the homomorphism a : t/(SL2(0)) — ► SL2(0) ab satishes the inclusions 

QU' C ker(a) C 17+ 

In the following we generalize this theorem to all maximal arithmetic subgroups. After we had 
discovered this generalization we found out that it had already been stated in [BN92J, but for our 
application we need more detail than is provided there. 

For b a fractional ideal let 

H(b) := { r € SL 2 (F)|a, deO,beb,ce b- 1 }. 

This is a maximal arithmetic subgroup of SL 2 (F) and any maximal arithmetic subgroup is conjugate 
to.ff(b) (see [EGM98] Prop. 7.4.5). In order to study the structure of U(H(b)) we define j : P X (F) -> 
C1(F) to be the map 

j([ Zl : z 2 \) = [ Zl b + z 2 0\. 
Theorem 18. For T = H(b), the induced map 

icP^Fyr-ciCF) 

is a bijection. 

Proof. Let (xi, x 2 ), (z/1,2/2) S F x F. It is easy to check (see [EGM98j Theorem VII 2.4 for SL 2 (C), 
|Ber05] Lemma 5.10 for the general case) that the following are equivalent: 

(1) x 1 b + x 2 G = yib + y 2 G. 

(2) There exists a G H(b) such that (x±,x 2 ) = (2/1,2/2)0"- 

It remains to show the surjectivity of j. Given a class in Cl(F) take C O representing it. By 
the Chinese Remainder Theorem one can choose z 2 £ O such that 

- ord p (z 2 ) = ordp(a) if p\a. 

- ord p (z 2 ) = if p \ a, ord p (b) / 0. 

Then one chooses z\ such that 

— ordp(zib) > ord p (z2) if p\a or ord p (b) 7^ 0. 

— ordp(zib) = if p\z 2 , p \ o, and ord p (b) = 0. 

These choices ensure that ordp^ib + z 2 0) = ord p (a) for all prime ideals p. 

□ 

Following Serre [Ser70| we now calculate explicitely T^ xi:Z2 j for T = H(b) and \z\ : z 2 \ £ P 1 (F). 
Lemma 19. For T = H(b), r^.^j is conjugate in H(b) to 

{0(l I) A" 1 : t G a- 2 b}, 
17 
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where a = z\b + z<iO and 9 is an isomorphism © b ^ a © a b of determinant 1, i.e., such that 
its second exterior power 



is the identity. 

Proof. The main change to [Ser70] §3.6 is that we consider the lattice L := 0© b instead of O 2 . We 
claim there exists a projective rank 1 submodule E of L containing a multiple of (z\, z<i). Let E be 
the kernel of the O-homomorphism L = O © b — > F given by (x,y) i— > yz\ — xz2- Since the image 
is a = z\b + Z2O, we get L/E = a, so L/E is projective of rank 1 and L decomposes as E © L/E. 

By definition rr zi:Z2 i fixes Lfl {A(zi, Z2), A G F}, but this is exactly E. Since rr^.^i is unipotent 
it can therefore be identified with Hom.ci(L/ E, E). For any fractional ideal 0, A 2 (o) = and so 
b = A 2 (L) = A 2 (E © L/E) = E <g> L/E so E is isomorphic to (L/E)- 1 © b. This implies an 
isomorphism Rom (L/E,E) = {L/E)- 1 © E ^ (L/E)- 1 <g> (L/E)- 1 ® b = cf~ 2 b. Choosing an 
isomorphism 9 : L —> L/E © = a © o _1 b of determinant 1 we can represent rr^.^i as stated 
above. □ 

Note that since -ff (b) is the stabilizer of any lattice m © n with m and n fractional ideals of F 
such that m _1 n = b, one can deduce 

Lemma 20. Let a, b be two fractional ideals of F . If [a] = [b] in C1(F)/C1(F) 2 , then H(a) = H(b)f 
with 7 G GL2(i ? ). If tiie fractional ideals differ by the square of an O-ideal, then 7 can be taken to 
be in SL 2 (F). 

If the class of b in Cl(F) is a square, H(b) is isomorphic to SL2(C) by Lemma [20l and the 
involution on C/(SL2(0)) induced by complex conjugation and Serre's Theoreme 9 can easily be 
transferred to U(H(b)). We therefore turn our attention to the case when 



Note that this implies that [b] has even order, since any odd order class can be written as a square. 

Define an involution on H(b) to be the composition of complex conjugation with an Atkin-Lehner 
involution, i.e., by 



Like Serre, we will choose a set of representatives for the cusps P 1 (F)/H(b) on which this 
involution acts. For this we observe that if F[ zi:22 ] fixes [z\ : %i\ then AT^.^j^l -1 fixes \z\ : Z2]^4 _1 = 
\z~2 '■ — Nm(b)zi]. We use the isomorphism j : P 1 (i ? )/ff(b) — > Cl(-F) to show that this action 
on the cusps is fixpoint-free. We observe that if j([z\ : 22]) = a then j(\z\ : Z2]A' 1 ) = [22b + 
Nm(b)ziO] = [ob]. Note that [a] ^ [ob] in C1(F) since otherwise [a 2 ] = [Nm(a)b] = [b], i.e., [b] a 
square, contradicting our hypothesis. So C1(F) can be partitioned into pairs (<Xi, a^b). 

Choosing [z\ : G ^(F) such that = z\b + z\0 we obtain 



Our choice of representatives of P 1 (F)/H(b) shows that the involution operates on U(H(b)) and, in 



A 2 : A 2 (C © b) = b -» A 2 (a © o _1 b) = a® a _1 b = b 



[b] is not a square in C1(F). 





u(H(b))= (r^ffi^^- 1 ). 
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with {9' °A 9'- 1 : t G a^b" 1 } for & = A9A~ l : O © b -> a"" 1 © alb, we can describe the 

involution on each of the pairs as 

(s,t) G a[ 2 b © ~aTH~ l ■-> (iNm(b), sNm(b)" 1 ). 

Now denote by C/ + the set of elements of U(H(b)) invariant under the involution H i— > AHA , 
and by J7' the set of elements u + AuA^ 1 for u G U(H(b)). 

Theorem 21. For T = i?(b) with [b] a non-square in C\(F), the kernel N of the homomorphism 

a : U(T) -► T ab 

coming from the inclusion T D for D G P 1 ^) satisfies 6J7' C N C £7 + . 

Proof. With small modifications, we follow Serre's proof of his Theoreme 9. As in Serre's case, 
it suffices to prove the inclusion 6U' C N, i.e., that 6(u + AuA~ l ) maps to an element of the 
commutator [H (b) , H (b)\. 

Suppose that we have 6U' C N, but that there exists an element u G N not contained in U + . 
Then the subgroup of N generated by 6U' and u has rank #C1(F) + 1. This contradicts the fact 
that the kernel of a has rank #C1(F) (see |Ser70j Theoreme 7). (The latter is proven by showing 
dually that the rank of the image of the restriction map H l (H(b)\H.3, R) — > H 1 (d(H(b)\Hs): R) 
has half the rank of that of the boundary cohomology. This we showed in the proof of Lemma [TBj) . 

To prove 6U' C N we make use of Serre's Proposition 6: 

Proposition 22 ( [Ser70] Proposition 6). Let q be a fractional ideal of F and let t G q and t' = 
?/Nm(q) so that t' G q _1 . Put x t = M and g/j = f ^ ^ . Then (xtyt) e lies in the commutator 
subgroup of H(c\). 

Put a := z\b + ^O- If u G r^.^], identify it with 9~ l ^ for some t G a _2 b and 
9 : O © b — > a © a _1 b of determinant 1. One easily checks that AuA~ l then corresponds to 
(^^L" 1 ) ^ ^-^jjj-i (^ J 4~ 1 )- Like Serre, we use that since [a] = [a -1 ], AuA^ 1 is also 

given by Theorem Q3 by ^tf- 1 f * , ^ for i' = tNm(b)~ 1 Nm(a) 2 and B G #(b) taking 

( Nm <^) to ( Nm «^ 

Since 9~ l xtUt9 is a representative of u + -BAu^L -1 ^" 1 , we deduce from the above Proposition 
with q = cr 2 b that 6(u + BAuA^B- 1 ) and therefore 6(u + AuA" 1 ) lie in [iJ(b), H(b)}. □ 

The following observation links U(T) to the cohomology of the boundary components: 

Lemma 23. For imaginary quadratic fields F other than Q(V — 1) or Q(V — 3), T C SL2(-F) an 
arithmetic subgroup, P a parabolic subgroup of Res f/q(SL 2 /f) with unipotent radical Up, and R 
a ring in which 2 is invertible we have 

H^^Rl^H^Tu^R), 

where T P = T n P(Q) and T Up =Tn U P (Q). 

Proof. Serre shows in |Ser70] Lemme 7 that Tjj p <Tp and that the quotient Wp = Tp /Tu p can be 
identified with a subgroup of the roots of unity of F, i.e., of {±1} since F ^ Q(\/— T), Q(v / — 3). 
The Lemma follows from the Inflation-Restriction sequence. See also |Tay| p. 110. □ 
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By CO) , © , and Lemma [23] we have 

H\d(r\H 3 ),R)= II H 1 (T U ,,R) = H 1 (U(T),R). (7) 
MeP^Fj/r 

We now reinterpret Serre's Theorem and its generalization as follows: 

Proposition 24. For imaginary quadratic fields F other than Q(V — 1) or Q(V — 3) and it! a ring 
in which 2 and 3 is invertible, the image of the restriction map 

is contained in the —1-eigenspace of the involution induced by 

- l : H 3 -» H 3 : (z,t) ^ (Z,t) if r = SL 2 (0) 

— i : H3 — > H3 : (z,t) 1— > A (2, £) for ^4 = ^ Nm(b) -:l 0) = witi [b] a non-square in 
Cl(F). 

and these involutions are orientation-reversing. 
By Lemma [16] this immediately implies: 

Corollary 25. For imaginary quadratic fields F other than Q(y/—F) or Q(-\/— 3), T = SL 2 (0) or 
H{b) with [b] a non-square in Cl(F), and R a complete discrete valuation ring in which 2 and 3 are 
invertible and with finite residue field of characteristic p > 2, the restriction map 

hHtxh^r) =S H\d(T\H 3 ),R)- 

surjects onto the —1-eigenspace of the involutions defined in the Proposition. 

Proof of Proposition. Write I : T — > T for the involution 

f 7 ^7 ifr = SL 2 (0), 

[j^A^A- 1 if T = H(b). 

The involutions t extend canonically to H3. One checks that for 7 G V we have 

i{ 1 .{z,t))=I{ 1 )i{z,t). (8) 

This implies that the involutions operate on T\H3 and r\Ha, and hence on <9(T\H3). To show 
that they act by reversing the orientation note that complex conjugation corresponds to reflection 
in a half-plane of H3 and therefore reverses the orientation. Furthermore, GL 2 (C) acts on H3 via 
A' = (det(j4)~5)A G SL 2 (C) and SL 2 (C) acts without reversing orientation, as can be seen from the 
geometric definition of its action via the Poincare extension of the action on P 1 (C) (see [EGM98J 
pp.2-3). 

Using ([8]) one shows that under the isomorphism 

H\d(T\H 3 ),R) * H (U(T), R) 

i corresponds to the involution on i? 1 ([/(r), R) = Hom([/(r), R) given by ip 1— > /(</?), where 
/(*>)(«):=¥>(/(«)). 

We can therefore check that the image of the restriction maps is contained in the —1-eigenspace 
on the level of group cohomology: The restriction map is given by 

Hom(r ab , R) -> Hom([/(r), R) : cp if o a. 

By Serre's theorem and Theorem l2~Tj = ip(a(ul(u))) = ip(a(u)) + (p(a(I(u))), so I (if o a)(u) = 
(p(a(I(u))) = —ip(a(u)) for any u G U(T). □ 
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4.3 Integral lift of constant term 

Recall the statement of Proposition [T2J 

Proposition 26 (=Proposition [T2]) . Let x = fyxjfyi De an unramified Hecke character of infinity 
type z 2 . Assume that 1 is the only unit in O* congruent to 1 modulo the conductor of <j)\. Let 
Kf and Eis(0) be defined as in Section [3721 Assume res(Eis(^)) G H (dSK,,7l). Then there exists 

c<j, G H l {S Kr Ti) with 

res(c^) = res(Eis(0)) G H 1 (d~B Kj ,'R). 

First observe that everywhere unramified characters with infinity type z 2 exist only for F ^ 
Q(v / — T)j Q(v /— 3). For unramified x we have 

n ^(^i,*) n gl 2(^)- 

Recall that U l (%Ri tV ) = {A; G GL2(C\,) : det(fc) = 1 mod SUTi^}. By assumption, 1 is the only unit 
in O* congruent to 1 modulo SDt a so we get Kf n GL 2 (F) = SL 2 (C). 

Recall from §1.51 the decomposition of Sk* into its connected components. The above implies 
that we can write Sk, as a disjoint union of T\H3 with V = H(b) for suitable fractional ideals b: 
For a finite idele a, denote by (a) the corresponding fractional ideal. Write 

Si< } — ] ] r i]; \H3, 
i=i 

where r 4i = G(Q) n UKftr 1 and the i» G G(Af) are given by i» = ( 7 J°* fem j , with 

— {7j} a system of representatives of 

kerfo^/) -» C1(F)) == 0*\ JJO'/det^/), 

— {a/c} a set of representatives of Cl(i ? )/(Cl(i ? )) 2 in A^,j (and we represent the principal ideals 

Mi)), 

— {b^} a set representing Cl(-F) 2 . 

Note that for these choices = H((cik)) and either = 1 or [(a^)] is not a square in C1(.F). 
This allows us to apply our results for maximal arithmetic subgroups from the previous section by 
considering the restriction maps to the boundary separately for each connected component. 

Proposition 27. 

[res(Eis(<£))] G {H 1 (dS Kf ,K)-) bee , 
where H l {dS K f iTV)~ is defined via the isomorphism to 

H\d(T ti \H 3 ),K)- 
i=i 

where '-' indicates the —1-eigenspace of the involutions defined in Proposition \24[ 

Remark. Together with Corollary [25] this shows the existence of an integral lift of the constant term 
and proves Proposition 1121 
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Proof. We will consider the restriction maps to the boundary separately for each connected com- 
ponent r fi \H 3 : 

_ 00 ^ 

H^Tt^n)^ H l (d(T u \n 3 ),K) - H\T U ^XH 3 ,K), 

where r ti , B v = T t . n r]- x B(Q)<q. By © and Lemma[23]we have H 1 (T titB v\H.3,'ll) ^ fl 1 ^,!/^). 
We recall from [Ber06aj Proposition 10, Lemma 11, and Proof of Proposition 16 that res(Eis(0)) 
restricted to this boundary component is represented by 



Vc 



1 



L(0,x) 



W(x) • X^ wa4 {7]fti), 



(9) 



v I J ' ,uu L(0,x) 
where W(x) is the root number of Xi Vf an d Voo denote the images of ry G C(Q) in G(Af) and 



G(R), respectively, u>o- 

' a b 
d 



^1)02) = (02 • | • |,01 

A;) = 4>i(a)4>2{d) for 



a 6 
d 



1 ), and ^ : G(A/) — > C satisfies 
) e B(A f ),k eY[SL 2 (O v ) c K f . 



Note that, in particular, ^^(bg) = 0^ (b)^f ^(g) for b G -E^F) C G(Af), where we use the convention 
introduced in §1.51 for considering as a character of B(A). By Lemma [TJ x c = X> so L(0, x) = 
L(0,x)- Furthermore, W(x) = i 2 (x/\x\)($F ) f° r $F the different ideal of F/Q (see e.g. the proof 
of Proposition 2.1.7 of [AH05] ). Since dp 1 = g'(a)0, where O = Z[a] and g G Z[X] is the minimal 
polynomial of a over Q (see |FT93] III (2.20)) one checks that for all imaginary quadratic fields 
there exists a generator 5 of 5f satisfying 5 = —5. We deduce therefore that in our case W(x) = 1. 
We need to prove that ([9]) lies in the — 1-eigenspace of the involution induced by u i— > u for 

1 N 

-iv- 1 



SL 2 (C) and by u h-> AuA' 1 for T ti = H(b), where A 







with N = Nm(b). 



Case Tj. = SL2(0): Recall that in this case ti 



lih 








for some ji G O* and bi G A^y. 



It suffices to prove that ^^(rjfti) 
matrices in GL2(F) given by: 



^wo.<f>(Vfti)- For this we use the Bruhat decomposition of 



a b 
c d 



Since- 'I' b d )g) - vl/,, ( 





^ '4>(9) we can consider separately the cases 



(a) 7] 

(b) r. 



a b 
d 

1 
-1 



for a,b,d G F and 



1 



for eSF. 



We check that for (a) ^(t?/ 



7 A 




) = 0i(7i6i)02(bi)^(t?/) and ^> Wo .<t>{rif 



ah 

£>,; 



02 (Ti ) I Ti 1 01 (^i ) 02 (&i ) ^-lo ("T// ) • Since 74 G O* and x = 0i/02 is unramified it suffices to show that 
^cf>(j]f) = ^w .cf>(jjf)- I n case (b) we similarly reduce to this assertion. 

In (a) we get ^^(rjf) = 1 "^ o (a)02~i o (^) = a - Since WQ.cj) has infinity type (z,z _1 ) this equals 
^w .(fj(j]f)- I n (b) we need to calculate the Iwasawa decomposition of rj in GL2(F„) if e ^ O v (at all 
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other places ^(r/V,) = * Wo .0(%) = 1). It is given by 

-1 oj\0 lj~\0 e) \-e- 1 -1 

So, if e <fc O v then *^,(ry v ) = (4>i/<j>i) v {e) = Xv X { e )> which matches f W(] .^(%) = (0i/<A2)ij(e)|e|r 2 
because x c = X and XX = I ' | 2 - 

Case = H(b): The involution maps the cusp corresponding to B r] to B^ A 1 . We therefore 
have to prove that 

%{ri f ti) = ^woAVfA'Hi). (10) 

( Xibi \ 

Recall that ti = f ^ * ^ J for some x^b% € A|^. Again making use of the Bruhat decomposition, 

we need to only consider r/ as in cases (a) and (b) above. Following the arguments used for Case 
(1), Case(a) reduces immediately to showing that ^(ij) = ^> Wo . ( j,(A~ 1 ti). The left hand side equals 
(f>ij(xibi)(j>2j(bi), the right hand side is 

N \f l\( Xi bi OV.Ar-lvp /A 

* w ^\0 Xi b 

-U ./„.U.\A -fUM .. -J 



*W(( o lJl-1 J V ' 6j )_iV ' • • xA 



Equality follows from \xi\ f l = Nm(b) 



N (pij(xibi)(p2,f(bi)\xi\ f - 

L _ m™/^ 

/ 



For (b), one quickly checks that for 77 = ( ^ J J the two sides in ()10|) agree. For general 
// = f ^ ^ f ^ f J one shows that, on the one hand, 

&J lo a^&J l-l 0) lo 1 



1 0J \0 i e 

Vf 

and on the other hand, 



_ j /xifej 0\ _ /a^ W 1W1 exi/iV 
^ A bj ~ ( 6,;iV l-l 1 



Since (xjiCj) = (iV) the valuations of exi/N agrees with that of exj. Repeating the calculation 
for 7} = f ^ ^ and then applying the argument from Case 1(b) (since % ls unramified we are 
only concerned about the valuation of the upper right hand entry) we also obtain equality. 



□ 



5. Bloch-Kato Conjecture for Hecke characters 

Combining Theorem [6] with Theorem 1131 or [HI we get lower bounds on the size of the Selmer group 
of Hecke characters. We want to demonstrate this application under the particular conditions of 
Theorem [JJ] and relate it to the Bloch-Kato conjecture. 

Theorem 28. Assume in addition that p > 3, p \ #C1(F) and that I ^ ±1 mod p for £ \ dp- If p 
is inert in F/Q then assume Conjecture^ Let x be an unramihed Hecke character of inhnity type 
z 2 . Then we have 

val p #Sel(F, Xp e) ^ val p ( #ft/L int (0, x )) 
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Proof. Put p := Xp e - Theorem [6] together with Lemma [8] and Theorem 1141 imply 

val p #Sel s ^ E -(F, Xp e) ^ val p (#ft/L int (0, X )), 

where Ep = {v \ p} and <j) = (</>i,<fe) is given by Theorem I14i For the definition of E^ see the 
start of $2j Recall that by (0) the set E0\{t> | p} contains only places v such that v = v and 
^O v /^ v ^ ±1 mod p. By Lemma Q] we have x c = Xi which implies that p is anticyclotomic, and 
so we get p{Frob v ) = p(Frob^) = p^ 1 (Frob v ), or ^(Frobt,) = ±1. Hence we have ensured that 

p(Frob„) j£ e(Fvob v ) mod p 

for all v £ E^Ep, so the theorem follows from applying Lemma [2j □ 

Example 29. A numerical example in which the conditions of our Theorem are satisfied and a non- 
trivial lower bound on a Selmer group is obtained is given by the following: Let F = Q(\/ — 67) and 
p = 19. One checks that 19 splits in F. Since the class number is 1, there is only one unramified 
Hecke character of infinity type z 2 . Up to p-adic units L alg (0, x) ls given by where Cl is the 

Neron period of the elliptic curve y 2 +y = x s — 7370x+243582, which has conductor 67 2 and complex 
multiplication by O. Using MAGMA and ComputeL |Dok04j one calculates that L alg (0,x) G Zi 9 
and 

val 19 (L alg (0, X )) = l. 
5.1 Comparison with other results 

Assume from now on that #C\(F) = 1. Let ^ : F*\A* F — > C* be a Hecke character of infinity type 
z^ 1 which satisfies ^ c = ^. Then there exists an elliptic curve E over Q with complex multiplication 
by O and associated Grossencharacter \F Consider 

p = (^ k W^) p for k > 0,j ^ 0. 
We now have the following proposition from [Dee 99j (Proposition 4.4.3 and §5.3): 

PROPOSITION 30 (Dee). The group Sel(F, p) is finite if and only if Sel(F, p~ l e) is finite. If this is 
the case then 

#Sel(F,p) = #Sel(F, / 9- 1 e) < oo. 
By considering \ = f° r some as above, compare therefore Theorem 1281 with the following: 

Theorem 31 (Han, [Han97| ). Suppose k > j + 1. For inert p also assume that p is non-trivial when 
restricted to Gal(F(E p )/F). Then Sel(F, p) is finite and 

val p #Sel(F,p) = val p (#^/L int (0, ^- fc F)). 

Previously, Kato proved this in the case k > and j = 0, cf. [Kat93j. For a similar result in the 
case of split p see [Guo93L Han claims that his method extends to general class numbers. All proofs 
take as input the proof of the Main Conjecture of Iwasawa theory by Rubin [Rub91| . 

We refer to [Guo96j §3 for the proof that this statement on the size of the Selmer group is 
equivalent to the (critical case of the) p-part of the Bloch-Kato Tamagawa number conjecture for 
the motives associated to the Hecke characters. 
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